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1. INTRODUCTION 
This paper is a sequel to my paper “Character-theoretic transfer” 
[Yo78]. In Section 5 of the previous paper we extended Thompson’s 
transfer theorem and obtained the following: 
(1) (cf. [Yo78, Corollary 5.3.21 Let P be a Sylow 2-subgroup of a 
finite group G and let A4 be a maximal subgroup of P. Let x be an element 
of the commutator group G’ of minimal order in P - M. Then there exists 
an element y of A4 such that y is G-conjugate to x and C,(y) is a Sylow 
2-subgroup of C,(y). 
(2) [Yo78, Theorem 5.41 Let x be an element of G’ of order 2” > 2 
which is G-conjugate to its inverse. For each i, let Xi be a subgroup of (x) 
of order 2’. Then 
IGI + ‘f 2’-’ INc(X,)I =o (mod 22n+2). 
I=1 
In particular, if x is an involution of G’, then x is a central involution or 
IC,(x)( ~0 (mod 16). 
In general, there are linear combinations between IGI and IN,(X,)l 
modulo 2*” (cf. Corollary 7.3), besides if X is contained in G’, then there is 
a linear combination modulo 2’“+’ as above (cf. Theorem B in Section 8). 
The purpose of this paper is to study refinements of these results. In Sec- 
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tion 2, we give a character-theoretic condition that a cyclic subgroup is 
contained in the commutator subgroup of a finite group (Lemma 2.1). This 
lemma is applied to prove an extension of Schur’s results on the exponents 
of Schur multipliers and a slight extension of Thompson’s transfer lemma 
to odd primes (Theorem 3.1 and Theorem 3.2). 
For calculation, it is convenient to introduce a new notation. Let A be a 
cyclic group of order m and let ,I be a generator of A A) the group of linear 
characters. We then define a function on A by 
m-l . 
A,[11 := 1 ;-; 2. 
I=1 ( > 
The condition that the group A is contained in the commutator subgroup 
G’ of a finite group G is written as 
&[d" + +(pG- 1~~) E R(G), 
where R(G) is the character ring. 
Now, a Dedekind sum is defined by 
s(h,k):= c :I: ((~))((~))~ 
where ((x),:=x-[xl-$ if x~[w--Z and :=0 if XEZ. See [RG72], 
[Ap76] for Dedekind sums. We then have that for a cyclic group A of 
order m and for a generator il of A A, 
(See Proposition 6.2.) The Dedekind sums appeared first in the study of 
Dedekind eta function 
rl(z) := enWl2 fi, (1-e2niT), Imz>O. 
Dedekind proved that if (; 5;) E ,X(2, Z) and c > 0, then 
q(~)=c.(~~“‘q(r), s:=expni($-s(d,c)). 
By the fact that ~(2)~~ is an automorphic function, we have that a*4 = 1, 
and so 1244 c) = (a + d)/c (mod l), whence 12~44 c) is an integer. 
However, cs(d, c) is in general not an integer. This fact estabhshes the 
existence of some special kind of transfer theorems for two primes 2 and 3. 
The following result presents the speciality of 2 and 3. 
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EXAMPLE 9.1. Let G be a finite group and let A be a subgroup of prime 
order p contained in the commutator subgroup G’. Assume that 
N,(A) = C,(A). Then the following hold: 
(1) If p = 2, then N,(A) contains a Sylow 2-group of G or N,(A) has 
a Sylow 2-subgroup of order > 16. 
(2) If p = 3, then N,(A) has a Sylow 3-subgroup of order 227. 
(3) Ifp > 5, then N,(A) has a Sylow p-subgroup of order 2p2. 
Now, we need to introduce notation to state the main theorem. 
Let C = (x) be a cyclic group of order p’ > 1 and let N be a finite group 
which acts on X as a group of automorphisms, so that there is a 
homomorphism Y of N to reduced residue class group (Z/p’Z)* such that 
xg (: = g - ‘xg) = y(g), gEN. 
For any integer t prime to p, we then define a rational number by 
1 
4X N, t) := (N( gFN 
P-l 
- + ps(tr(g), P’) - s(tr(g), PI- ‘) ‘, . 
The following theorem is one of the main theorems of this paper, which 
will be proved in Section 8. 
THEOREM B. Let p be a prime, and A and B cyclic subgroups of a finite 
group G of order p” and p”, respectively. Let t be any integer. Define an 
integer k by IAG n BI = pk. For each i < k, let A(i) denote a unique subgroup 
of A of order pi and put 
N(i) : = N,(A(i)), n(i) := IN(i g := n(0) = [Cl, 
c,(t) : = a(A(i), N(i), t), 
N(i) := (n(i- l)-n(i))/pm+n-‘+l. 
Then the following hold: 
(i) Each a(i) (1 <i<k) is an integer andpl”~“l ) a(i). 
(ii) P m+n-k I n(k) I n(k-1) I ...I n(1) I n(O)=g. 
(iii) If A and B are contained in the commutator group G’, then the 
following number is an integer: 
Z(t) := i (1 -p-“)(l -p-“)g+p-“-” f p’-‘a,(t)n(i). 
I=1 
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(iv) The above number Z(t) is equal to 
P --mxn 
i 
; (p”- l)(P”- 1) + f pi-lai(t)}g 
i=l 
- i i P’-‘o,(t)a(i). 
is1 ,=i 
In Section 9 we give some numerical examples, and in Section 10 we list 
properties of Dedekind sums and prove some of them (particularly, 
Dedekind reciprocity law). 
Notation. Throughout this paper, we use the following notation 
without comments. 
G a finite group 
G’ the commutator subgroup of G 
Z(G) the center of G 
N,(H), C,(H) the normalizer and the centralizer of U 
R(G) the character ring with inner product 
GA 
eG, XIH 
lG, PG 
lG H 
2-g 
1g 
XG 
CA, Bl 
(‘% 8) := pzj- gfG l c &oG 
the group of linear characters 
the induced (restricted) class function 
the trivial (regular) character 
the character induced by 1 H 
:= g-‘Xg for gEG and XeG 
the function x ++ A(gxg-‘) 
the union of Xg (g E G) 
:= (a-lb-‘ab 1 acA, beB) 
2. THE DETERMINANTS OF CHARACTERS 
Let G be a finite group. The (ordinary) character ring of G is denoted by 
R(G), and the group of linear characters of G is denoted by G *. The deter- 
minant of a character x of G is defined by the composition 
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det: G ---% GL(n, C) 3 C*, 
where p is a representation of degree n which affords the character x. This 
map det: x H det x can be uniquely extended to virtual characters, and so 
we have a group homomorphism from the character ring 
det: R(G) + GA, 
which satisfies the following: 
(a) det(aX + be) = (det 1)” (det e)“, a, b E Z; 
(b) det(#) = (det x)‘(r) (det O)Xc1); 
(c) detl=il if LEG”. 
LEMMA 2.1. Let A be a cyclic subgroup of a finite group G with 1 Al = n 
and let A be a generator of A”. Put 
n-1 
p’ := 1 jSER(A). 
j=l 
Then the following hold: 
(i) For any virtual character 8 of A, 
det 8 = 1’, where r := (0, P’)~. 
(ii) Assume that A is contained in the commutator group G’. Then 
prG E nR( G). 
ProoJ (i) Since det maps sums to products, we may assume that 
8 = K for some j. But then it is clear that the statement holds. 
(ii) Let x be any irreducible character of G. Then det xIA = 1, by the 
assumption, and so (i) and Frobenius reciprocity imply that 
<PIG> X)G = (P’, X,A )A = o (mod n). 
This means that the multiplicatity of x in prG is a multiple of n. Hence 
P’~ E nR( G). 
3. SCHUR’S THEOREM 
As an application of Lemma 2.1, we prove the following theorem which 
is an extension of Schur’s well-known results on the exponents of Schur 
multipliers [Hu67, Satz 23.91. 
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THEOREM 3.1. Let A be a cyclic subgroup of G'n Z(G) and let B be a 
cyclic subgroup of G’. Put C:= AnB, a:= IAl, b:= /Bj, c:= ICI, 
g := /GI. Then the following hold: 
(0) (Schur) a3 / g. 
(1) rfc f 2 (mod4), then a’-b 1 g. 
(2) Zf c is odd and b is even, then 2a2. b I g. 
(3) Ifcz2 (mod4), then ta2-b lg. 
ProoJ: Let ;1 be a generator of A A. If 1 is any irreducible constituent of 
AC, then xIA = x(1)2. Since det xIA = 1, we have that 
X(l)=(~,X,A)=(~G,X)~O mod a. 
This implies that 
AG E aR( G). t*) 
In particular, since A is contained in the center of G, it follows from an 
easy calculation and (*) that ( AG, 1’) = j G: Al z 0 (mod a’), and so 
Schur’s theorem (0) holds. 
Let ;1 and p be arbitrary generators of A h and B A, respectively. Note 
that for any integer t which is coprime to c, there exist ii and p such that 
iiC=&. We calculate the inner product of AG and the character p’G, 
where p’ is defined by 
b-l 
p’ := c jpjE R(B), 
as in Lemma 2.1. Remember that P” E bR(G) from Lemma 2.l(ii). First by 
Mackey decomposition and the fact that A is a central subgroup of G, we 
have that 
b/c-l 
AGle= IG : ABI lzicB= IG : ABI 1 pttJc, 
J=o 
where t is an integer such that O< t < c, (c, t)= 1, and i,C=$,C. Thus 
Frobenius reciprocity yields that 
=$ 'Fol (t+jc) 
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Hence by (*) and the fact that P’~ E bR(G), we conclude that the following 
congruence holds for each integer t with 0 < t < c and (c, t) = 1: 
0 (mod ab). (**I 
Now in order to prove the remaining statements, it will suffice to prove 
the statements only in the case where A and B are p-subgroups for a prime 
p. Furthermore, since a3 1 g, we may assume that b # 1. When p is odd, 
t + (b - c)/2 is prime to p, and so (**) implies that a2. b 1 g. So we assume 
that p = 2. In the case that c = 1 (t = 0), (**) becomes g(b - 1)/2a z 0 
(mod ab), and so the required statement (3) 2a2b 1 g holds. Next, in the 
case that c = 2 (t = l), (**) implies only the trivial conclusion that 2a2 / g. 
But applying (2) to G/C, we have that 2(a/2)2 (b/2)1 (g/2), and so 
(a2b)/2 / g, proving (3). Finally, if c > 2, then t + (b - c)/2 is an odd integer, 
and so (**) implies that (1) a2b 1 g. The theorem is proved. 
COROLLARY 3.2. Let H be a finite group and let M(H) denote the Schur 
multiplier of H. Then exp(M(H)) divides IHI/exp(H’). 
Proof Let a be the exponent of M(H), so that there is a finite group G 
with a central subgroup A of order a such that A E G’ and G/A E H. Take 
a cyclic subgroup B of G’ such that IB/Cl = exp(H’), where C : = A n B. As 
before let a, b, c denote the order of A, B, C, respectively. Then by the 
theorem, we have that a is a divisor of (g/a)/(b/c). 
4. THOMPSON'S TRANSFER LEMMA 
In this section, we try to extend Thompson’s transfer lemma to odd 
primes. But the result given in this section is not so good as the original 
one (p = 2) in the respects of contents and usefulness. 
A p-element x is called extremal in H < G if H contained a Sylow 
p-subgroup of C,(x). The G-conjugate class of x E G is denoted by xG. 
THEOREM 4.1. Let p be a prime, H a subgroup of G of index prime to p, 
and K a normal subgroup of H of index p. Let x be an element of G’ of order 
p. Then one of the following holds: 
(a) There is y E xG n K such that y is extremal in H. 
(b) There are y, z E (Hn xG) -K such that yK# zK and y, z are 
extremal in H. (In this case, p # 2.) 
Proof Put A:= (x) and let ;1 be a generator of A”. Let hEH-K. 
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Take a linear character p of H such that Ker ,LL = K and A(x) = p(h). For a 
normal subset L of H and y E G, we define 
a&, L) := !+I$. ,y”nL,. 
If yH n L = xi yIH is a decomposition to H-conjugate classes, then 
and so a,(y, L) is an integer. See [Yo78, Sect. 51. We put 
n := IG : HI ( ~6 0 (mod PI), 
s, : = a,(x, h’K), 
P--l 
s:= ll;(x)=(~~(x, H)= c s,. 
I=1 
We claim that 
iFl is,=0 (modp). (***) 
The theorem follows directly from these congruences and (*). First since x 
is a p-element, (**) holds. We will prove (*** ). For any integer Y prime to 
p, we have that 
0,(x’, h”K) = CT&x, h’K) = si, 
and so by an easy calculation, 
p--l 
pG(x’) = c OH(XI, h’K) p(x’) 
i=o 
P--l 
= c s,n(xqJ, 
j=o 
p--l 
lE(x’)= c xi=&.?. 
J=o 
Thus 
P-1 
(pG- 1;,,, = c $(A’- 1J. 
r=O 
481/118/Z-16 
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Now, we define a character p’ of A as in Lemma 2.1, that is, 
p-1 
p’ : = C iii. 
I=1 
Then P’~ E@?(G) by Lemma 2.1 (ii). Thus 
wG, PG- lE> = (P’, bG- G),A) 
P--l 
= zgl is,= 0 (modp), 
proving (***). The theorem is proved. 
5. THE FUNCTION dR[l] 
In order to relate the determinants of characters to Dedekind sums, the 
following notation is more convenient than the character p’ defined in 
Lemma 2.1. 
Notation. For a finite abelian group A and a linear character A of A, we 
define a function on A by 
A(l):= AA[A] := 1 
Clearly when A is cyclic, the character p’ defined in Lemma 2.1 is presented 
as 
if= IAl dA[nl + T  (PA - lA), 
where pa is a regular character and 1, is a trivial character, 
LEMMA 5.1. Let A be a cyclic subgroup of G’ and let 1, be a generator of 
A”. Then 
ProoJ This is trivial by the definition of A ,[A] and Lemma 2.l(ii). 
Note that pAG = pG. 
LEMMA 5.2. Let A be a finite abelian group and let 1 E A”. Then the 
following hold: 
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(i) d[X] =d= -d[i]. d[l,] =O. 
(ii) Let 6 be a virtual character of A. Then 
<dCnl, 0) = -<dCnl, 0). 
In particular, 
<dCAl, IA) =o, 
<dCAl, Q> =o ifs=e. 
(iii) Let cr~A. IfA(o)=l, then d[l](o)=O. Ifi(~)=e~““#l, then 
A[A](o)=f.g+ -+t. 
Proof. (i), (ii) Easy. 
(iii) Use the formulae 
Let K be a normal subgroup of G. For a CG-module M, we define a 
CG/K-module by 
Inv,(M):= {m~Mjmo=m forall DEA). 
This functor induces an additive map 
inv,: R(G) -+ R(G/K). 
If x is an irreducible character of G, then 
W&d= i 
i 
if KcKerX 
otherwise. 
Furthermore the inflation map 
Inf,: R(G/K) -+ R(G) 
is defined by viewing @G/K-modules as CC-modules with trivial K-action. 
These maps can be extended to class functions. 
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LEMMA 5.3. Let A be a finite abelian group and let B < A. Let ;1 E A^. 
Then the following hold: 
(i) If A”= 1 (da l), then 
(ii) 4DIIB = &C&J. 
(iii) Inf, dAIB[v] = dAIInfB v] for v E (A/B)“. 
(iv) Inv, d,[L] = dA,BIL’EK’KI], 
where K : = Ker 1 and ,IIBK’“’ is regarded as an element of (A/B) h. 
ProoJ (i) Put a := IAI, e := (a, d), f := a/e. Then A’= 1 and 
Similarly, we have 
(ii) Put a := IAl. By (i) 
(iii) Put 1 := Inf(v) E A^, a:= IAI, c:= IA : BI. Since A’= 1, (i) 
yields 
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(iv) Put a:= IAl and e:= jBK:K]. Then BcKerAjif and only if 
e/ki;hi;l we can regard such a K as a linear character of A/B. Thus by (if, 
6. DEDEKIND SUMS 
DEFINITION. Let h, k be integers with k > 1. The sum 
s(h,k):= c 
;:I ((~))((~)) 
is called a Dedekind sum. Here the symbol ((x)) is defined by 
x- [xl-f 
((xl) := {* 
if xElR--Z, 
if xfzZ, 
with [x] the greatest integer not exceeding x. 
LEMMA 6.1. (i) ~(1, k) = (1/12k)(k - l)(k - 2). 
(ii) Ifh z h’ (mod k), then s(h, k) =s(h’, k). 
(iii) s( -h, k) = - s(h, k). 
Proof: Easy. See [RG72, pp. 5, 261 or [Ap76, Sect. 3.71. 
PROPOSITION 6.2. Let A be a finite abelian group and 1 E A A. Let m be 
the order of ,I and r an integer. Then 
<A [Al, A Cl’1 )A = .$r, m). 
ProoJ By Lemma 5.3(iii), we may assume that A is a cyclic group of 
order m. Then 
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Since 
j=rk mod m if and only if j = rk - m [rk/m], 
we have that 
= s(r, m). 
7. CALCULATION OF INNER PRODUCTS 
Throughout this section, A and B denote cyclic subgroups of G of order 
a and b, respectively. For an integer d, let A, (resp. Bd) denote a unique 
subgroup of A (resp. B) of order d (if it exists). Let i and p be generators 
of A h and B”, respectively. The set of elements of B which are G-conjugate 
to elements of A is denoted by AG n B. 
LEMMA 7.1. Assume that the subgroup A and B are contained in the 
derived group G’. Then 
(JACKIE, dhl”> +i(lGI - IG : Al - IG : BI + IA\G/BI) 
is an integer. 
Proof, By Lemma 5.2(ii) and Frobenius reciprocity, 
w4C~l”> x> = 62 &3CPl”> =o 
for any real valued character x. Thus the statement follows from Lemma 
2.l(ii) and the definition of A[L]. 
In the remainder of this section, we shall calculate the inner products 
(lAGT lBG) (= IA\G/BI) and (AA[nlG, As[plG). Kronecker’s delta 
function 6 on the subgroup lattice is defined as usual by 6(H, K) : = 1 if 
H = K and : = 0 otherwise. Furthermore ,U and cp denote Mobius and 
Euler’s functions in elementary number theory. 
LEMMA 7.2. Under the above notation the following hold: 
0) IA\G/BI =A C d4 ING(BJ, 
c,i.Ad-& 
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where the summation is taken over divisors d of (a, b) such that A, and B, 
are conjugate in G, and 
(ii) IA\GIBI = -& 1 c Me/d) Weg, Be). 
<I: geG 
Proof. Let n be the character of the right G-set A\G. Then we have 
IA\GIBI = (E,B, lB)=f 1 4Y) 
YSB 
=--& c #{gEG/yEAgnB) 
Y~B 
=-&c cp(d)e#{gEGI B,EAgnB) 
<lb 
=~~‘(d).#(ptGIA~g=B,} 
=A C d4 ING(Bd)l. 
$.Ap Bd 
Hence (i) holds. Furthermore (ii) follows from (i) and the fact that 
Cdle 4.444 = cp(4. 
COROLLARY 7.3. Assume that A (resp. B) be a cyclic subgroup of G of 
order p” (resp. p”). Let A(i) (resp. B(i)) denote a unique subgroup of A (req. 
B) of order p’ (if it exists). Define an integer k by AG n B = B(k). Then 
(i) IN,(A(i- I))[ E IN,(A(i))l (modp2”-z+1)for i <iim. 
(ii) (N,(A(i))( E 0 (modpmfn-‘) for O< idk. 
Proof. Put N(i) := N,(A(i)) and n(i) := IN(i)/. Then by Lemma 7.2, 
p2”(IA\N(i- l)/A( - IA\N(i)/AI)=p’-‘(n(i- 1)-n(i)). 
Thus (i) holds. In order to prove (ii), we put m :z N(k)/A(k), 
,? : = A/A(k), and B : = B/A(k). Then 6” n B = 1 for any n E A? Thus 
lrsl = IA\N/lq . piI . IBI E 0 (modp”+“-2k). 
Remark, The above congruence relations are enough to derive the 
integrality of I A\G/BI. 
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PROPOSITION 7.4. For each g E G, we put D(g) : = Ag n B, d(g) := 
[D(g)], and we define an integer r’(g) (mod d(g)) ~JJ 
2g ID(g) = p 
r’(g) I&T). 
Then 
<~A[AI~, ~B[P]“> =-& c c dp(e/d) s(r’(g), d) 6(Aeg, B,). 
<le geG 
Furthermore, we can skip pairs of d, e in the above summation such that 
N,(B,) contains an element which inverts B,. 
Prooj By Frobenius reciprocity, Mackey decomposition, and Lemma 
5.3(ii), we have that 
For each d, we define a function 
e,(e) := c s(G), 4. 
gcG 4%) = e 
We suppose e,(e) = 0 unless d 1 e. Then the above inner product is 
represented as 
(d~i?l~, ‘b[,dG> =-‘& 1 d@,(d). 
#lb 
Let d be a divisor of b. Then for each multiplier f of d, we have that 
c e,(e) = c s(r’k), 4 = c W(g), 4. fle geG gEG :f I&) :Afg= B, 
Thus by the Miibius inversion formula, 
e,(e) = c ,&f/e) 1 ed(c) 
elf flc 
= :f ,df/e) g:G s(r’k), 4 WfgT &I. 
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In particular, 
ed(4 = C &/4 C Wkh 4 ~(4g~ Be). 
die gtG 
This shows the required equality. Thus it remains only to show that if 
N&B,) contains an element inverting Bd for d 1 e, then 
To prove this, let td(e) be the left side of the above equality. Take an 
element g of G with A,g = B,, so that 
cd(e)=jCI nsN,C ’ c W(gn), 4
where N : = N&B,), C : = C,(B,) and it runs over a complete set of 
representatives of N/C. In fact, A, g’ = B, implies g’ = gn for an element n of 
iV, and r’(gnc) = r’(gn) (mod d) because 
2gnc - AR” 
IBd’P 
r’(w) 
IBd - Ied for nEN, CEC. 
Similarly, if t is an element of N which inverts B,, then r’(grtt) 5 -r’(gn) 
(mod d), and so s(r’(gnt), d) = -s(r’(gn), d). This means that t,(e) = 0. The 
proposition is proved. 
Remark. When a and b are odd, the integrality of the number 
<~A[~l”, ~BCPI”> +$(IGl -iG:AI -IG:BI + IA\G/BI) (*I 
given in Lemma 7.1 is simply equivalent to the integrality of 
~<~AC~I”, dB131G> =-$ c c dp(eld) s(r’(g), 4 d(AZ, B,). die gcG 
In fact, by Lemma 7.2 the number (*) equals to 
;(l-:)(1-k) IGI 
By Section lO( lo), 
d(s(r, d) -t $) = d/3 + 4 (mod 4). 
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Furthermore for e > 1, we have that Cdle &(e/d) = 0. Thus the 
denominator of (H) is always an odd number, and so (*) is an integer if 
and only if 4(d,[IIG, dB[plG) is an integer. Since 6ds(r, d) is an integer 
(see Section lO(10)). This condition is equivalent to the fact that 
2(d,[IIG, dJp]“> is an integer, as required. 
COROLLAR 7.5. Let A and B be cyclic subgroups of G’. Assume that each 
element of AG n B is conjugate to its inverse in G. Then 
$(IGl 1 IG : Al - IG : BI + IA\G/BI) E Z. 
Proof: In this case, (d,[n]“, d&1”) =O. 
8. MAIN THEOREMS AND THEIR PROOFS 
Proposition 7.4 together with Lemma 7.1 and Lemma 7.2 gives a most 
general transfer theorem in this paper. But because there appear linear 
characters I, p in the formula, it is not so easy to use this proposition. The 
purpose of this section is to take away such characters from the formula in 
two cases, that is, the case where A is contained in B and the case where A 
and B are p-subgroups for a prime p. We then have two main theorems as 
were stated in the Introduction. 
THEOREM A. Let A and B be cyclic subgroups of the derived subgroup G’ 
of order a and b, respectively. For an integer d, let Ad (resp. Bd) denote a 
unique subgroup of A (resp. B of order d tf it exists. Furthermore for each 
d 1 a and g E NG(Ad), we define an integer rd(g) (mod d) by 
g - lxg = -Jdk) for all x E A,. 
(Note that if d I e, then rd- re (mod d) on No(A,).) Then for any integer t 
such that (t, a) = 1, the following number is an integer : 
+& c c 4444 S(tr&), 4: <I$> 1 geNc(&) 
In the second summation, a pair of d, e can be skipped if an element of 
N,(A,) inverts an element of Ad. 
Proof Let p be an generator of B” and put il : = $,A. Then A is a 
generator of A *. As in Proposition 7.4, for any gtz G we put 
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D(g) : = Ag n B and d(g) := ID(g)/, and define an integer r’(g) (mod d(g)) 
by 
Ig ID(g) = p 
r’(g) 
ID(g)’ 
Then for any d 1 a, XEA,, and gEN,(A,), we have that i(gxgg’) = 
P(X)“(~). On the other hand, the definitions of rd(g) and ,I yield that 
A(gxg- ‘) = ~(X)‘dk-l) = p(X)“d(g-‘), 
Since Ker ,U = 1, we have that 
r’(g) E trd(gbl) (mod d). 
Thus by Proposition 7.4, 
(JACKIE, ~hlG> =-& c c dp(e/d) s(r’(g), d) 
die &-ENG(Ae) 
As is stated in Proposition 7.4, we can skip pairs of d, e in the summation if 
an element of IV,(&) inverts an element of Ad. Now, the theorem follows 
from Lemma 7.1 and 7.2. 
Next, we study in the case where A and B are cyclic p-subgroups for a 
common prime p. As Examples 9.2 and 9.3 suggest, when the subgroups A 
and B have composed orders, it seems true that the congruence relations 
induced by Theorem A or Proposition 7.4 are obtained by combinations of 
ones in prime power cases. So we are particularly interested in this case. 
We first introduce the following notation: 
Notation. Let C = (x) be a cyclic group of order pi > 1 and let N be a 
finite group which acts on X as a group of automorphisms, so that there is 
a homomorphism r of N to reduced residue class group (Z/p’Z)* such that 
xg (: = g- ‘xg) = x’(g), geN. 
For any integer t prime to p, we then define a rational number by 
a(X,N,t):=& c P-1 4 + pdtrk), p’) - dtrk), P’- ‘) . 
geN 
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LEMMA 8.1. Under the above notation, the following hold: 
(i) If a subgroup K of N acts trivially on X, then o(X, N, t) = 
4X N,K t). 
(ii) If there exists an element n E N such that xg= x-l, then 
0(X, N, t) = (p - 1)/4. 
(iii) If N acts trivially on X, then 
0(X, N, l)=(p2;1;‘*‘. 
(iv) Put C : = C,(X) and take a subgroup P such that PfC is a Sylow 
p-subgroup of N/C. Let Q be a subgroup of P which centralizes an element of 
X of order 4 tf p = 2 and I > 3, and let Q be any subgroup of P otherwise. 
Then 
4x, N, t) = 4UCK Ql, N/Q, tk 
(v) 0(X, N, t) + c&V, N, -t) = (p - 1)/2. 
Proof Part (i) is clear from the definition. Part (ii) follows easily from 
the fact that s( -r, m) = -s(r, m). Part (iii) follows from the fact that 
~(1, m) = (m - l)(m - 2)/12m. We will next show (iv). By (i) of this lemma, 
we may assume that C = 1, so that N can be regarded as a group of 
automorphisms of X. We shall argue by induction on 1x1 =p! When Q = 1, 
we have nothing to prove. So we may assume that Q contains a subgroup 
R of order p. Then I> 2. By some well-known facts about the 
automorphism groups of cyclic p-groups, we have that R contains an 
element h with r(h)=l+p’-‘ifp>2 or r(h)= +l or +1+2/-l ifp=2, 
where r(h) is an integer satisfying xh =x’@). But when p = 2, since h # 1 
centralizes an element of order 4, the cases that r(h) = +l and - 1+ 2’-’ 
do not occur. Thus in either case, r(h) = 1 +p’-‘. In particular, [X, N] is 
of order p. By the definition of 0(X, N, t), we have that 
INI c(X, N, t)-q) 
( 
= gTN (ps(tr(g), ~9 - s(trkhp’-‘)l 
P--l 
= C 1 {ps(tr(g)+jp’-l,p’)--s(tr(g),p’~’)) 
=gE;,R (p”s(trk),p’-‘1 -ps(trk),p’~2)l 
=P IN/RI 4WCK RI, N/R, t)- 
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Here the following formula (cf. Section lO(12)) is used: 
P--l 
Thus the induction holds and (iv) is proved. Part (v) is clear from 
s( - r, m) = --s(r, m). 
LEMMA 8.2. Let X be a cyclic group of order 2’> 1 and let @ be a sub- 
group of the automorphism group Aut(X) of X. We denote by (r) an 
automorphism f of X such that f(x) =x’. Let t be an odd integer. Then the 
following hold: 
(i) IfiV= 1, then 
a(X, R, t) = 4 f 2s( t, d) - s( t, 2’- 1). 
a(X, N, 1) = 2’-3. 
(ii) If(-l then o(X,R, t)=a. 
(iii) If(-l)$mand(-1+2’-‘)ER, then 
0(X, iv, t)=d+ 2s(t, 2’)- 3s(t, 21-“)+s(t, 2’7, 
0(X, iv, 1) = a + 2’-4. 
(iv) If(-l)$m and (1+2’-‘)EN, then 
0(X, R, t) = $ + 2s(t, 21-q - s(t, 2’- i -“), 
0(X, iv, 1)&F-3, 
where INI = 2”. 
Proof: The formulae about a(X, X, 1) follow from the fact that 
s( 1, m) = (m - l)(m - 2)/12m. We first note that 
s(r + 2’- I, 2’) = -s( - r + 2’- I, 2’) 
= -s(r, 2’) + 3s(r, 2’-“) - s(r, 2’-‘1. (*b 
See Sections lO(4) and (12). Part (i) is clear from the definition. Part (ii) is 
given in Lemma 8.l(ii). We prove (iii). In this case, I> 3 and ifll = 2. 
(Remember that (Z/p’Z)* r Aut(X) is an abelian group of type (2, 21e2) 
generated by (-1) and (5) and that (- 1 -I- 2l-*) is not a square.) Thus 
(iii) can be proved by the definition and (*). Next we consider the case of 
(iv). In this case, m is a cyclic group, too. Applying Lemma 8.l(iv), we 
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have that 0(X, m, t) = u(X/[X, m], fl, t). Thus (iv) now follows from (i) 
and the fact that (X/ [X, m] [ = 2’/ (RI. The lemma is proved. 
THEOREM B. Let p be a prime, and A and B cyclic subgroups of G of 
order p” and p”, respectively. Let t be any integer. Define an integer k by 
IAG n BI = pk. For each i < k, let A(i) denote a unique subgroup of A of 
order pi and put 
N(i) := N,(A(i)), n(i) := IN(i)\, g := n(0) = JG/, 
o,(t):= c(A(i), N(i), t), 
a(i):= (n(i- l)-n(i))/pm+“-‘+I. 
Then the following hold: 
(i) Each a(i) (1 <i<k) is an integer andpI”-“’ ( a(i). 
(ii) P m+n-k 1 n(k) ( n(k-1) I ...I n(1) I n(O)=g. 
(iii) If A and B are contained in the commutator group G’, then the 
following number is an integer: 
Z(t) := ; (1 -p-“)(I -p-“)g+p-“-” ,$ Pi- laitt) n(i). 
(iv) The above number Z(t) is equal to 
P --m--n 
i 
d(p--l)(p”-1)+ 5 p’-‘o,(t)}g- t i pj-‘u,(t)a(i). 
i= 1 i=l ~=l 
ProoJ We may assume that A(k) = B(k). Parts (i) and (ii) follow 
directly from Corollary 7.3. In order to apply Proposition 7.4, we take a 
generator 1 (resp. p) of A A (resp. B”) such that 1= p’ on A(k). For each i 
and g E N(i), we define an integer r,(g) by 
$ = x’lk) for x E A(i). 
Then by a way similar to the proof of Theorem A, 
r’(g) - tr,(g-‘) (mod@) for gEN(i). 
Thus by Proposition 7.4, Lemma 7.1, and Lemma 7.2, we have that 
$~l~l-l~:~I-l~:~l~+~~aC1lG.~aC~lG~ 
=f (1 -p-“)(l -p-“)g+p-“-” 5 p’-loi( 
i=l 
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is an integer, proving (iii). Finally, (iv) follows from 
n(j)=n(O)- i pm+n-z+la(i). 
t=l 
The theorem is proved. 
9. NUMERICAL EXAMPLES 
We give some easy examples. We denote by nP the p-part of a natural 
number n. 
EXAMPLE 9.1. Let x be an element of G’ of prime order p. Assume that 
NG( (x)) = C,(x) (= : C). Then the following hold: 
(i) Ifp=2, then IGj2=IC12 or jC12&16. 
(ii) Ifp=3, then lCls>27. 
(iii) If p $5, then ICI, >p*. 
In fact, applying Theorem A to A = B = (x), we have that for any t f 0 
(mod P), 
Since s( 1, p) = (p - l)(p - 2)/12p, this is equivalent to 
; (S(4P)-.dLP)) ICI fZ 
When p = 2, (*) gives that I GI + I Cl 3 0 (mod 16), and so (i) holds. Next 
assume that p= 3. Then (**) together with s( + 1, 3) = &l/18 gives (ii) 
27 1 ICI. (Equation (*) gives 3 IGI +2 ICI ~0 (mod 27). From this we 
again have (ii).) Finally, assume p > 5. In this case, applying (**) to 
t= -1, we have that p* 1 ICI. (Of course, this follows clearly from 
Burnside’s transfer theorem.) Thus (*) is then automatically satisfied. 
Furthermore it is known that p(s(1, p) -s(t, p)) is an integer. In fact, 
exp( 3zip(s( 1, p) - s( t, p))) equals the Legendre symbol (t/p). See Section 
lO( 10). As a conclusion, we know that all the things obtained from (*) and 
(**) are only the trivial result (iii) p2 1 ICl. 
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EXAMPLE 9.2. Let A be a cyclic subgroup of G’ of order 6. Let A, 
denote a unique subgroup of A of order d 1 6. Put Nd := N&A,), 
Cd := C,(A,). Applying Theorem A and Corollary 7.5 together with 
Lemma 7.2 to the pair (Ad, A,), we have many congruences. But all of 
them follow from Example 9.1 and the Sylow theorem. For example, we 
consider the case where N6 = Cg, N2 = Cz, and d = e = 6. We put g : = 1 GI 
and n(d) : = ING(Ad)l. Then by Theorem A, we have that 
n(2) + 2n(3) + 2n(6) 
36 
But this is easily derived from the results of Example 9.1 in the cases of 
p = 2, 3. Hence we have no new results in this case. 
EXAMPLE 9.3. Let A and B be cyclic subgroups of G’ of order 6. As 
before, A, (resp. Bd) denotes a subgroup of A (resp. B) of order d, and put 
g:= JG(, n(d) := IN,(A,)I. Assume that AZwB2, A3wB3, A, 7L B,. (Here 
N stands for G-conjugate.) In this case, we cannot apply Theorems A, 
and B, therefore we shall use Proposition 7.4. There are two cases. 
(i) The case NG(A3) # C,(A,). In this case, we obtain 
(*I 
By the Sylow theorem, we have that n(2) = 0 (mod 9) and n(3) ~0 
(mod 8). Furthermore, by Example 9.1, g+n(2) = 0 (mod 16). The 
statement (*) follows easily from these congruences, and so we have 
nothing. 
(ii) The case N,(A,) = C,(A,). In this case, we obtain 
(**) 
By the Sylow theorem and Example 9.1, we have that n(2) ~0 (mod 9), 
n(3) z 0 (mod 4) and g+ n(2) = 0 (mod 16), n(3) z 0 (mod 27). Unhappily 
(w) follows from these congruences, and so we have again nothing. 
EXAMPLE 9.4. Let A be a cyclic p-subgroup of G of order p” for a prime 
p. Let H be a subgroup of G containing NJ (x)), where x is an element of 
A of order p. Then the following hold: 
(i) H contains a Sylow p-subgroup of G or lHlp 2~‘“. 
(ii) If p = 2 and A d H’, then H contains a Sylow 2-subgroup of G or 
IHIz~222”+2. 
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In fact, applying Lemma 7.2(i) to G and H, we have that IGI = IH[ 
(modp2”), proving (i). Similarly, (ii) follows from Theorem A or B. 
EXAMPLE 9.5. Let A (resp. B) be a nontrivial cyclic subgroup of G’ of 
order 2” (resp. 2”) with a subgroup A(i) (resp. B(i)) of A (resp. B) of order 
2’ (if it exists). Assume that IG : Al z IG : BI 5 0 (mod 4). Define 
g := ICI, N(i) := N,(A(i)), 
n(i) := IN(i n(i)* = 24). 
(1) Assume that AGnB= 1. Then 2m+n+2 1 g. 
(2) Assume that AC n B = B( 1). Then one of the following holds: 
(a) e(O)=e(l)=m+n-1 and m=n>3. 
(b) e(O)=e(l)=m+n and m, ~232, Im-nj ~1 
(c) e(O)=e(l)=m+n+l. 
(d) e(O), elm++++. 
(3) Assume that AG nB= B(2) and that elements of B(2) arc 
G-conjugate to its inverses. Then one of the following holds: 
(a) e(O)=e(l)=e(2)=m+n-2 and m==n&4. 
(b) e(O)=e(l)=e(2)=m+n-1 and m, ~33, Jm-nj <I. 
(c) e(O)=e(l)=e(2)=m+n and m, ~232. 
(d) e(O)>e(l)=m+n>e(2)=m+n-1 and m=n. 
(e) e(O)=e(l)=e(2)=m+n+ 1. 
(f) e(O)>e(l)=m+n+l>e(2)=m+nand lm-nl<l. 
(g) e(O)>e(l)Zm+n+2, e(2)am+n+ 1. 
(4) Assume that AC n B = B(2) and that an element of B(2) is not 
G-conjugate to its inverses. Then one of the following holds: 
(a) e(O)=e(l)=e(2)=m+n and m, ~222, Im--nJ ~1. 
(b) e(O)=e(l)=m+n+l>,e(2)8m-tn. 
(c) e(O)Be(l)>m+n+2, e(2)3m+n. 
To prove these statements, suppose AG n B = B(k) and put 
n’(i) := n(i)/2”+“-k, 
e’(i) := e(i)-(m+n-k) for O<i<k. 
481/118:2-17 
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By Corollary 7.3, n’(i) is an integer and 
n’(k) 1 n’(k-1) (...I n’(1) I n’(0) =:g’, 
e’(0) > e’( 1) > . . . > e’(k) > 0. 
We may assume that m < rz. Let t be any odd integer. As in Theorem B, we 
define integers (T 1 : = ai and a(i). Then 
2”-” ) a(i) and n’(i)=n’(i-1)-2k-1+1Cl(i). 
Since JG(, IG : Al, and IG : BI are all divided by 4, Theorem B implies that 
the following numbers are integers: 
2-k-2g’+2--k i 2’-‘&n’(i) 
r=l 
=2-k 
Now, we shall prove only (4). Other cases can be proved in a similar way. 
So assume that k = 2 and that N(2) = C&A(2)). Then al(t) = $, a2(1) = 4, 
a2( - 1) = 0. Thus we have that 
Z(l)= 
g’ + n’( 1) -I- 4n’(2) 
16 
dgj-; a(l)+x(2)=0 (mod 11, 
(mod 1). 
Part (4) follows easily from these facts. 
EXAMPLE 9.6. Let A be a cyclic subgroup of G’ of order 2” 2 4. Assume 
that IGI > 2”+2. As before, let A(i) be a unique subgroup of A of 
order 2’ and put N(i) := N,(A(i)), g:= (GI, n(i) := IN(i 2e(z)=n(i)2, 
a(i) := (n(i- 1)-n(i))/22”-‘+‘. Assume that xG n A = {x} for any x E A. 
Then one of the following holds: 
(a) e(O)=2m-1, e(l)=2m-1, e(2)=2m-1, U(1)2=1, a(2),>2. 
(b) e(O)=2m, e(l)=2m, e(2)=2m-1, a(l)2~4, ~1(2)*=1. 
(c) e(0) = 2m, e( 1) = 2m, e(2) = 2m, a( 1)2 = 2, ~$2)~ > 2. 
(d) e(O)=2m+ 1, e(l)=2m+ 1, e(2)22m, a(l),>4, a(2),>2. 
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te) e(O)Z2m+2, e(1)=2m+ 1, e(2)=2m- 1, a(1)*=2, c4(2),= 1. 
tf) e(O)>2m+2, e(l)>2m+2, e(2)>,2m, a(l),>4, a(2),>2. 
By the Burnside transfer theorem, 2”‘+r 1 g. For any odd integer t, we 
put U,(t) := o(A(i), N(i), t). Since N(i) centralizes A(i), we have that 
o,(t)=++2s(t,2’)-s(t,2’-‘), a,(l)=2’-3. 
See Lemmas 8.1 and 8.2. Theorem B(iv) yields that 
Z(t):=&. 4 ( (2”- 1)2 + 2 2i-10,(t) i=l > 
- f 2 2’-iui(t)ff(i) 
i=l J=l 
is an integer. For t = 1, to calculate C( 1) is easy and we have 
$-27+lg+ f 2’-ja(i) 
Z=l 
=2-22”-ig+$cl(l)++a(2) (mod 1). 
Since cl(l) and a(2) are integers (Corollary 7.4), g/22”-’ is an integer. Put 
g’ :z g/2*--, n’(1) := n(l)/22”3 n’(2) : = n(2)/22”- l. 
Then the following hold: 
fg’++a(l)+$a(2)Ez, 
g’--‘(1)=2a(l), 
n’( 1) - n’(2) = a(2), 
n’(2) I n’(l) I g’. 
In particular, since a(i) are integers, the second and third equalities yield 
that n’( 1) and n’(2) are integers. The required statements can be proved by 
easy calculation. (If we consider furthermore Z( - 1) or Z(3), we have that 
C a(i) is even. This yields the same conclusion as Example 9.5 for 
m=m=k=2.) 
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10. PROPERTIES OF DEDEKIND SUMS 
In this section, we list well-known results on Dedekind sums which are 
found in [RG72, Ap78] and prove some of them from the viewpoint of 
group characters. Many of them have been used already in this paper and 
some of them, particularly the reciprocity law, are useful to calculate the 
value of Dedekind sums. We use the notation as in Section 1. In particular, 
for a finite abelian group A and a linear character 1 of A, we put 
Then by Proposition 6.2, if m is the order of 1, then 
where ((x)):=OifxEZand ((x)):=x-[xl-$ifxEiW-Z. 
(1) S(r,m)=((1/(4.m))C~:11cot71jlmcot7rjr/mif (r,m)=l. 
(2) s( 1, m) = (1/12m)(m - l)(m - 2). 
(3) ~(2, m) = (1/24m)(m - l)(m - 5) if m is odd. 
(4) If r’= fr (mod m), then s(r’, m) = fs(r, m). 
(5) If r. r’ = +l (mod m), then s(r’, m) = fs(r, m). 
(6) s(r, m) = s(r/d, m/d) for d 1 (r, m). 
(7) For (r, m) = 1, 
s(r, m)=Oes(r, m)EZer2+ 1 =O (mod m). 
(8) 2(3, m) mzs(r, m) E Z. 
(9) 6ms(r, m) E 0, 1, 3, 6, 8 (mod 9). 
(10) 6ms(r, m) = (m + 1)/2 - (r/m) (mod 4) for m odd, where (r/m) is 
the Jacobi symbol. 
(11) (Reciprocity theorem) If (m, n) = 1, m 2 1, n > 1, then 
s(m, n) + s(n, m) = 
m2+n2-3mn+ 1 
12mn ’ 
(12) (Hecke operation) If p is a prime, then 
1 
s(pr,m)+~pfls(r+jm,pm)= 
J=o 
CHARACTER-THEORETIC TRANSFER 525 
We give the proofs of (8), (ll), and (12) which were used in the previous 
sections. 
Proof of (8). By the definition, we have 
m-l 
2m A [A’] = C (2j- m) Iti, 
j=l 
Calculating the inner product, we have 
m-1 
2m(3,m)s(r,m)=(3,m) c (2j-m) 
j=l 
(mod 1). 
This proves (8). 
Proof of (11). Let A = M x N be a cyclic group of order mn with 
IMI = m, 1 N] = ~1. Let p, v be generators of MA, N *, respectively. Define a 
function 6’ on A by 
~:=d[~x1,].d[1,xv]-d[~xv]~d[~xl1,]-d[~Xv]-d[l,xv]. 
Then by Lemma 2.3(ii), 
tql)=O, e,,= -ACM PI23 t!?,,= -d[N, v]“. 
Furthermore we have 
8(p)= -+ for PEA--(MuN). 
In fact, write p = bz (0 E M, r EN), a : = I, b : = v(r). Then by Lemma 
2.2(iii), we have 
e(p)= -.-.---. 1 a-l-1 b+l 1 -. ab+l 4 a-l b-l 4 ab-1 ( - a+1 - b+l ) a-l+b-1 
1 
= --* 
4 
Using these values, we can calculate the inner product 
m2+n2-3mn+l = 
12mn ’ 
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On the other hand, by Lemma 2.3(iii), (iv) or a direct calculation, we have 
(~C~~~l,~C~~~11)=~(~,~), 
(~C~xvl,dC1,xvl>=s(m,n), 
and so 
(8, 1 A ) = s(m, n) + s(n, m). 
Hence ( 11) is proved. 
Proof of (12). Let A be a cyclic group of order pm and let 1 be a 
generator of A h. Let B be a subgroup of A of index p. We define a function 
on A as 
P--l 
s:= c A,[n’+“q. 
j=o 
Then by Lemma 2.3(ii), we have that S,,=pd,[,l,,‘]. Furthermore, 
calculating by the definition of d,[n], we have that S(a) =pd.[LP’](a) for 
a E A -B. Thus if we put s’ : = S-pd,[IP’], then the support of s’ is 
contained in B and 
Thus we have that 
= S(Y, m) - s(pr, m). 
On the other hand, by the definition of S and s’, this inner product equals 
p--l 
(dACnl, 9) = C 4r +jm, pm) -pW, Pm). 
I=0 
Since s(pr, pm) = S(Y, m), (12) is proved. 
We add one more result about Dedekind sums proved by Theorem A. 
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PROPOSITION 10.1. Let p be a prime. Let r and t be integers prime to p. 
Assume that the order e of r in the multiplicative group (Z/p??)* is not a 
power of p. Then 
p”-1 e-l 
--e+ 1 s(trk,pn)EZ. 
4 k=O 
ProoJ: Let A be a cyclic group of order p”. Then z : A -+ A* a ~--t a’ is an 
automorphism of A of order e. Thus we can construct thk semi-direct 
product G = A(z). Since e is not a power of p, we have that A is contained 
in G’. So the statement follows directly from Theorem A. 
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